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Part II: Classical Questions

Question 1. Use the method of Lagrange multipliers to find the absolute maximum and absolute minimum values
of the function f(z,y, z) = 2% + 2y — 2% subject to the constraint 222 + y? + 22 = 4. [15 pts]

Question 2. Consider the vector field
F(z,y,2) = (2ze¥ 4 zcos(x2))i+ (22e¢¥ — sin(y))j + (z cos(zz) + 22)k
1. Show that F is a conservative vector field by verifying the cross-partial derivative conditions. [5 pts]

2. Find a potential function ¢(z,vy, z) such that F = V¢. [7,5 pts]

3. Evaluate the line integral fc F - dr, where C is the path given by r(t) = <t, t(1—t), gt3> for 0 <t <1.
[7,5 pts]



Question 3. Let C be the upper half of the circle 22 + y? = 9, oriented from (3,0) to (—3,0). Evaluate the line
integral:

/ (y2 + Sin(xS)) dr + (3xy + eyz) dy
C

Hint: The curve C' is not closed. Consider adding a line segment to form a closed loop and use Green’s Theorem.
[15 pts]

Question 4. Answer the following questions. For multiple choice questions, mark the correct option. For others,
write your answer in the box provided. No partial credits will be given. [Credits: 10 4+ 6 x 5 4 10]

4.1 Consider the iterated double integral f_88 f;z 3 f(x,y)dydx. Reverse the order of integration and write the

new limits in the boxes below:

f(z,y) dydx

4.2 Let E be the solid region bounded above by the paraboloid z = 22 + 32, below by the zy-plane (z = 0), and
enclosed by the elliptic cylinder 22 + 4y% = 4. What is the volume of the region E?

(Hint: Use a modified coordinate system such as z = 2rcos and y = rsinf to simplify the region).

(A) 37” (B) 27 (C) 57” (D) 37 (E) 47

4.3 Consider the vector field F(x,y) = <y2, —£> representing the velocity field of a steady fluid flow. Imagine
placing a tiny paddle wheel into this fluid. The paddle wheel will rotate counter-clockwise if the scalar curl of the
field is positive, and clockwise if it is negative. In which of the following regions above the z-axis (y > 0) will the
paddle wheel definitely rotate in a counter-clockwise direction?

(A)o<y< ﬁ (B) y? > 25 C)y*<2 Dy> ﬁ (E) Everywhere above the z-axis.



4.4 Let D be the region in the zy-plane bounded by the lines y =z, y =z — 2, y = —x, and y = —x + 3. Using
an appropriate change of variables, evaluate the double integral:

D
6_7

(A)5(S=1) (B g(=T)  (C) - D)3t =1 (B) 2" =3)

4.5 Which of the following curves represents a field line (integral curve) for the vector field F(x,y) = yi + zj?
(where C' is a constant)
(A)a?+y*=C  (B)y=Cz (C)y=Ce® [D)a’-y*=C (B)ay=C

4.6 Calculate the outward flux of the vector field F(z,vy, 2) = 23i + yj + 2%k across the surface of the unit sphere
22+’ 422 =1
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4.7 Consider the following two vector fields in R3:
Fi = (—y,2,0) and Fy=(x,y,2)

How can these fields be classified?
A) Both are solenoidal.

B) Both are irrotational.

C) F is solenoidal, F9 is irrotational.
D)

E)

F is irrotational, F is solenoidal.
Neither field is solenoidal nor irrotational.
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4.8 The vector field F(z,y, z) = 2yi + zj + Ok is solenoidal. Find a vector potential A such that V x A =F.
Assume the x-component of the vector potential is zero. Write the remaining components in the boxes below:

Az, y,2) = <0, , >




